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On the dynamics of ferro- and antiferro-electric liquid crystals

by MASAHIRO NAKAGAWA

Department of Electrical Engineering, Faculty of Engineering,
Nagaoka University of Technology, Kamitomioka 1603,
Nagaoka, Niigata 940-21, Japan

In this work, a set of Landau-Ginzburg equations to investigate the dynamic
properties of ferro- and antiferro-electric smectic phases is formulated on the basis
of the elastic continuum theory of compressible smectics. In the present framework,
the polarization electric field is consistently taken into account through the Poisson
equation as seen in our previous work. As a practical application, a few numerical
results are presented for the surface-stabilized geometry with inclined and chevron
layer structures. An asymmetric bistable switching is found to be achieved in the
chevron layer structure under an alternating external field. In an inclined layer
structure, however, a symmetric switching is found to be possible. In addition, it is
first presented from a theoretical standpoint that the compressible smectic layer
structure may be drastically deformed in the chevron and inclined layer structures
with a sufficiently large external field.

1. Imtroduction

Recently ferroelectric and the antiferroelectric liquid crystals have been actively
investigated from the experimental and also theoretical point of views, because of their
attractive potentiality for application to fast electro-optic devices [1-5]. According to
earlier pioneering work in this field, the material properties of smectics have certainly
blossomed, whereas most material properties of smectics have been accompanied by
many open questions because of the difficulty in obtaining experimentally large
monodomain samples. Also the elastic properties of smectics have not been well
clarified from a theoretical point of view.

From the previously mentioned point of view, the elastic free energy of the S phase
was first formulated by the Orsay group in terms of an axial vector in a local coordinate
system [6]. Later Rapini expressed it in a vector notation in the laboratory frame for
practical applications of continuum theory [7]. The chiral energy was also later
included in the elastic free energy for the S phase as seen in de Gennes’ book-[8].
Another vector expression of the S phase was recently reported by Dahl and
Lagerwall [9]. Recently, the present author put forward a generalized elastic free
energy for compressible smectics in order to account for the layer compression or
dilation [10] and analysed the chevron layer structure [11-13] which has been
observed in high resolution X-ray experiments [ 14-16]. The effect of the electric field in
the chevron layer structure was investigated for static deformations [12, 13]. It was
found therein that the electric field parallel to the spontaneous polarization vector Pg
tends to make the layer tilt angle small in a chevron layer structure, whereas the electric
field opposite to Pg acts to make it large [12]. In addition, it was also concluded that the
¢ director orientation can be easily distorted in comparison with the layer structure
[13]. In previous work, while the static deformation of the S} was investigated
analytically, as well as numerically, to clarify the elastic properties of compressible
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smectics, the dynamics of compressible smectics has not been treated yet. Therefore it is
expected that a theoretical study of the dynamical properties of smectics may shed new
light on the understanding of smectics. In this respect, a hydrodynamic theory of
incompressible S¢ liquid crystals has been proposed by Leslie, Stewart and Nakagawa
[17]. However, there has been no report of any hydrodynamic theory for a
compressible SE phase as far as we are aware. Therefore we shall resort at this stage to a
somewhat phenomenological approach, instead of using the previous framework [17].

In the present work, we shall formulate a basic set of time dependent differential
equations to investigate the dynamic property of compressible smectics. It seems to be
important to confirm the possibility of bistable switching, which is an attractive
characteristic from an application point of view. In this work, a weak anchoring for the
¢ director orientation on the bounding surfaces is assumed to simulate a dynamical
bistable switching. In § 2, a theoretical formulation will be presented on the basis of the
elastic free energy of compressible smectics [ 10, 13]. Then a few numerical results will
be provided in § 3 to show a possible electric field effect on the smectic layer structure.
Finally §4 will be devoted to some concluding remarks on the presently found layer
dynamics in smectic phases.

2. Theory
In compressible smectics [10, 13, 18], the elastic free energy may be simply written
as
A 2 B 2 2
F=5(V -a) +§Z{(V e +(Vxe)?}—CY(V-a)V c)—D)(e; Vxey)

L
+ (lal - |ag))? +§Pi *Vo—3Vop-e:Vo+K,P,-P. (1)

where a is the wave vector along the layer normal whose magnitude is defined by

da

al=Zr.0

)

c; is the c director in the ith layer, the subscript i ranges over the odd-numbered layers
{abbreviated as o) and the even-numbered ones (abbreviated as e), 4, B and C are the
elastic constants for the layer distortion, the ¢ director deformation and a coupling
constant between them, D is a chiral elastic constant, L is an elastic modulus for the
layer compression, ¢ is the electrostatic potential, ¢ denotes the dielectric tensor which
may depend on a and ¢; (i=o0 and e), |a,| is a constant regarded as an equilibrium value
of |al, and K, is a coupling constant between the adjacent dipoles in the odd-numbered
layers and the even-numbered ones [ 18], i.e. between P, and P, which takes positive or
negative value for the antiferroelectric or the ferroelectric states, respectively. For a
special case such that a and ¢, (i=o0 and ¢) are spatially constant, the present free energy
density (see equation (1)) may be reduced to that introduced in previous work [18]. P,
and P, are assumed to be parallel to a xc, and a x ¢, respectively, as was earlier
modelled by Chandani et al. [19]. For an incompressible smectic, one has to put
aca=1,inadditiontoVxa=0and¢; ¢;=1(i=o0 and e). The general expression of the
elastic free energy for such a special case was previously formulated in a vector
expression [20] and also in a tensor expression [21].
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Let us assume one dimensional distortion along the y axis and put a, ¢, and P; into
the following

a(y,)=(0,a,,a,) (3a)
=(0,tan 0, 1)

c{y,t)=(cos ¢;,cos Osin ¢;, —sin Osin @), (3b)

Py, t)=(— P,-sin ¢;, P,+cos 8 cos ¢;, — P, +sin 0 cos ¢;), (3¢)

which are consistent with Vxa=0,a-¢;=0,¢;* ¢;=1,and P,=Pg(a x ¢;)/|a|. Here a, was
put into a constant without loss of generality, because of V x a=0, and may be set to 1
at the boundaries due to the assumption such that the smectic molecules at the
boundaries retain the same layer spacing as in the S, phase with a,=0 and |a|=1, or
a.=1(see equation (2)). Consequently a, was put into tan 0 (= a,/a,) as in equation (3 a).
1t should be noted here that the chevron layer structure may be accompanied by layer
compression |a| > |a,| (=sec 8, > 1), as well as dilation |a| <|a,|. Substituting equations
(3 a—c) into equation (1), one eventually has the following expression:

2 2
e o)
Csec? 6 96 Y. { —sinfsin¢ @ +cos 0 cos ¢~<a¢i)}
— ( sec ay d i ay i ay
dsinfsing)) . . d(cos ¢y)
-D Z{ —cos ¢E<T) +sin A sin qS,-< % )}

oo L . 2 2p 2 2 o &y (00 2
+PS<5)Z:COSGCOS¢i+~2~(sec 6 —sec? 0,)° + K P5 cos (o — ) 2 \ay )

4

where Py is defined by [P}, ¢,, is a diagonal component of the dielectric tensor ¢ along
the y axis and may depend on 6 and ¢, in general, and 6, is an apparent molecular tilt

angle defined by
fp=cos™! (ﬁ) (5
da

here d. and d, are the layer spacing in the S (or S&,) and in the S, phases, respectively
since |ag)|=da/dc and dc=d,cos, In equation (4) the term proportional to
Bsin?¢(90/8y)* can be regarded as an anchoring energy near the chevron tip with a
relatively large value of (90/0y)?. Hence one may deduce that the steeper the chevron
becomes, the stronger the apparent anchoring force becomes.

Now the surface anchoring free energies at the boundaries are assumed to depend
on only ¢; or ¢,;, and to be given by [21]

fAp)=— ‘%] I:exp {— o sin2<@i}@)} +exp {— o cos? (@5@2)}]’ (6a)

)= ——g[exp {—- ¢ sin2<(—¢i—;£@>} +exp {— o cos? <@%¢i’)>}} (6b)
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for y=0 and y=d, respectively, where g(>0), 6(>0), and ¢, are the anchoring
strength, the steepness of the anchoring potential well, and a preferred azimuthal angle
of ¢; at the boundary, respectively.

Thus the total elastic free energy per unit area F can be derived as

F{0,¢; 0} = f Ody{F (6, b, @) + 2 f2APIOW)+ 3. fid)oy—d )}, 7

where d is the cell thickness.
The dynamic equations for 8 and ¢; may be written in bulk as

%0 __OF o OF ®)
3T T 00 T ay\aaejay) )

O, 0F 0 oF .

B e =0 and e), 9
o~ ag, oy <a(a¢,-/ay>> ¢ ) ©)
where y, and y,, are the viscosity coeflicients for the a and ¢;, recpectively. While y, must
vanish for 0,=m/2, y, should vanish for 6,=0. Therefore, from a symmetry
consideration, we may expect the following relation between y, and 7, as

Yo

m— tan?0,~0;  (0,«1). (10
0

Hence the layer relaxation of the layer dynamics may be expected to be slower by a
factor of 10-10? than that of the ¢ director.
Then the torque balance equations at the boundaries are obtained as

oF  af? _
Kebjon og V7O (e
and
OF K

= s =d). 11b
N T A (1o

Finally the Poisson equation to determine ¢ can be derived as

] d 0
3 {gw(e, bo» da)(—a-(f)} =P55;<; cos 0 cos ¢,»>, (12)

where the right-hand side corresponds to the polarization charge previously inves-
tigated in the surface-stabilized geometry [22-25]. Since the existence of the
polarization charge increases the electrostatic energy, the apparent elastic constant
seems to increase as the spontaneous polarization becomes large [22-25].

In the present work, we shall assume that C = D =0and ¢,, = constant for simplicity.
Then defining the following effective elastic constants K(0, ¢,, ¢,) for convenience

K(0, ¢, qbe)=Asec“9+BZsin2 o, (13)
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the time evolution equations for € and ¢; are derived as

v sar e )a) 35 )

+ Ps@%)z cos fsin ¢; — 2L(sec? 8 —sec?f,) sec® Bsin § (14)
and
o, 0%, oK 66 dp . .
9@ _pgl i j N ad : 25. _§. —
Ve ot B ay a¢ + Fy ay cos fsin ¢1+KpPS(5xo 516) sin (d’o ¢e) (15)
where '
K o
ﬁ—4Asec Osin 6, (16)
and
0K .
5¢i=23 sin ¢; cos @, (17

Then the torque balance equation at the boundaries is obtained as [22]

‘;‘ﬁ’f ey [sm(¢. ¢>o)exp{—asinz<?i‘-2-@>}—sin(¢i+¢o)

X exp{ — 0 cos? (M)}] (18)

where + and — are for y=0 and y=d, respectively, ¢, is put into ¢3 and ¢4 for y=0
and y=d, respectively [21].
Finally the Poisson equation reads

%{—g},(g‘ﬁ)-kPSZcochosg&} 19

Integrating this once, one has

w(?ﬁ) + Pg Z cos Bcos ¢;= D (¢t), (20)

where D(t) is the electric displacement which was introduced as an integration
constant and may depend on time. Assuming that ¢, is a constant, for simplicity and
similarly to previous work [24], and integrating equation (20) with respect to y again,
one finds

_ 8”<M2> + Pg— y J dy Z cos f cos ¢, =D(t). (2D
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From equations (20) and (21), we eventually have the internal electric field E(y, t) in
bulk as

{Dy(t) — Py Z cos 8 cos d)i}

Ey,0)= :
», ) G,
= —a—¢=Eex+£§Z{<cos 0 cos ¢;» —cosfcos ¢;}, (22)
dy Eyy T
where
d, t)— (0,t
E ()= _%‘ﬂ(,_’_), (23)
and
1 d
{cos B cos ¢;> =3J dy cos 6 cos ¢;. (24)
0

In equation (22) E,, corresponds to the externally applied electric field and the second
term corresponds to the polarization electric field due to the spatial change of the
polarization vector [22-24]. In fact if Pgcos 6 cos ¢; is constant through the sample, i.c.
{cos 8 cos ¢;> =cos B cos ¢,. For practical numerical computations, it is convenient to
express the above-mentioned basic equations expressed in terms of some reduced
variables.

00 020 1/0x\/00\? 0k \[ 0, \[ 00 .
ra""ﬁ;?ﬁ(a—e)(%) +>;(;;q;)(g,,~)(5;,-)~ew )2.sinfcos

— 2A(sec®0 —sec? 0,) sec® Osin 0, (25)

op, 0*¢;, 1[0 00)\? . .
- andz)l_§<67’:.>(%> —eln,D)cos sin g+ 10, ~ ) sin(d,—),  (6)

where
T= <Z§1—2>t, 27
=2 (28)
r=ﬁ, (29)
1=LT?Z, (30)
sz"U;Sd)z, (1)

en,1)= <P;;12>Ey( Vo) =e€e,(t)+ AZ((cos 0 cos ¢p; ) —cos O cos @), (32)
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K(®, 9o 9c)

K0, ¢, d.)= B =asec* O+ 2 sin? ¢,, (33)
and
enlt)= (P dz) oD (34)
{cosfcos ;)= J\:) dycoscos ¢, (35)
=% (36)
a=%. (37)

Here the parameter A is regarded as a measure of the effect of the polarization electric
field as previously investigated in detail [20,22-24]. Finally equation (18) reads

63? =%o'l"[sin (p;— dd)exp {~ o sin? (%)} —sin(¢; + @)

X eXp {— o cos? <M>}J, (38a)

:_ —%al"l:sin(@— g)exp{—asm <(¢' 5 )>}—-Sin(¢i+¢‘é)

on
xexp{——acos <(¢’+¢ )>}:| (38b)

where the normalized anchoring strength I' is defined by

r —% (39)

Then the normalized polarization along the y axis p, and the switching current i, can be
defined by

1
Py=3 Z(cos fcos >, (40)
and

d{cos 9cos¢> @1

dpy
p( )_ dr Z

i

respectively. Finally from equation (22), the normalized polarization electric field
e,(n,7) can be expressed as

ep(r” T) = e("]a T) - eex(r)
= AZ (<cos B cos ¢;> —cos B cos ), 42)

where one may note that the polarization field effect is just proportional to A.
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3. Numerical results

Let us present below some numerical results based on equations (25), (26) and (38).
In this paper, we shall focus our interest on the effect of the electric field on the layer
structure in an S§, phase.

In the following computations, we shall set the externally applied electric field e (1)
int i idal one, i.e. .
into a sinusoi . (1) = . sin (21f%). @)
It should be noted here that ¢, depends on the molecular tilt angle and the layer tilt
angle and the layer tilt angle B (8° for y=0, ¢ for y=d) in the following way:

0. .o tanf’

sin (¢o + @)= . N (44 q)
g g tanp?

sin (¢0 + ¢p) - tan 00) (44 b)

where ¢ and ¢4 are introduced as a pretilt angle of the ¢ director with respect to the
bounding plate in the surface-stabilized geometry at y=0 and y=d, respectively [18].
From equations (44 a) and (44 b) one may see that the leaning angle f° and f¢ must be
smaller than the molecular tilt angle 6,.

The unknown material parameters were set into the equations as follows,

r=10, 45a)
a=2, (45 b)
A=10%, 45¢)
A=S5, (45d)
r=10, 45e)
o=5, 45 1)
bp=04=0, 459)
Bo=p" or 0= —p°, (45 h)
en="5x 103, 451)
f=1 (46 j)
y=3x10% (45 k)

Here an antiferroelectric phase is assumed with y>0 [18]. p°=p? and p°= — p*
correspond to an inclined layer structure and a chevron one, respectively. Since the ¢2
and ¢f are assumed to be O in the following computations, the n director must be
parallel to the bounding plate. In the present work we assumed a symmetric anchoring
function with the same functional form f$(¢;) and f¥¢,) at the two boundaries.
Therefore the dynamic behaviours of the odd-numbered layers and the even-numbered
ones are equivalent in the following numerical results.
In the present paper let us consider the following two cases

Bo=—p, $3+m=95, (46 )
po=p, 0=9% (46 b)

which correspond to an antiparallel anchoring in a chevron state and to a parallel
anchoring in an inclined state, respectively.
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In figures 1 and 2 we shall show the equilibrium states for a chevron and an inclined
layer structure with no external field, or e, =0, respectively. Therein the molecular tilt
angle 0, was set to 0-4. Then the dynamic behaviours for these two cases are presented
in figures 3 and 4, respectively, for a cycle of the sinusoidal external field as defined by
equation (43). Therein (a), (b), (¢), (d), and () correspond to e (1) =0, +¢,,, 0, —e,,,and 0
in a time sequence per cycle, respectively. From these it is found that the dynamic
behaviours are asymmetric for a chevron layer structure and symmetric for an inclined
one.

4. Discussions and conclusions
In this work we have presented the dynamic equations to investigate bistable
switching in the surface-stabilized geometry. From a few numerical results, we have

2.0 0.4
15 ¢ ® 0.3
10 302
05 E 1 01
o 00 [ 100 @
0.5 i-01
-1.0 4-0.2
-1.5 4 -0.3
_20 1 PR ) DU T W | " " L | W S .| Ld ] __04
0 0.2 04 0.6 0.8 1
n
{a)
1.0 T T 1 I
0.0
-1.0
o™ -20
-3.0
-4.0
5.0 FEPEESI T SR R TTUN T R T RSP
0 02 04 0.6 0.8 1
M
(b)
Figure 1. An equilibrium state for 8,=04 and = — *= —0-3, or a chevron layer structure.
Here , —O-—, and —@— are for §, ¢, and ¢,, respectively. (a) 8, ¢, and ¢, plotted

with respect to y and (b) e, plotted with respect to y.
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Figure 2. An equilibrium state for 8, =04 and ° == —0-3, or an inclined layer structure.
Here ——, —O—, and — @— are for 6, ¢, and ¢,, respectively. (a) 0, ¢, and ¢, plotted
with respect to y and (b) e, plotted with respect to y.
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o — | 7}
3.0 [ '
20 E
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© 00 f
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Figure 3. The dynamics in a cycle for 0,=04 and f°= —pi=—03. (a) e (1)=0, (b)
e (1) = +ep, (€) enx(1)=0, (d) e,(1)= —e,, and (€) e.,(1)=0. Here, in sub-set a, by, ¢;, ——
and —@— are for 0, ¢, and ¢, respectively. In sub-set a,, b,, ¢, e, is plotted with respect
to y.
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Figure 4. The dynamics in a cycle for §,=0-4 and %= B?= —03. (a) e.,(1) =0, (b} e.,(t) = + ey,
(€) €.,(1)=0, (d) e.(t)= —e,, and (e) e.(r)=0. Here, in sub-set a,, b, ¢;, —— and —@—
are for 6, ¢, and ¢,, respectively. In sub-set a,, b, ¢, ¢, is plotted with respect to y.
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Figure 5. p,—e,, hysteresis loop for §,=0-4 and %= —p?= —0-3, or a chevron state.
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Figure 6. p,—e,, hysteresis loop for 8,=04 and f°=p?= —0-3, or an inclined state.
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found that an asymmetric bistable switching may be achieved in the chevron layers
with an antiparallel anchoring which is consistent with the assumption such that the n
director is parallel to the bounding plates at the boundaries. In practice, if we apply a
sufficiently strong field to a chevron state in the surface-stabilized geometry, the ¢
director may be accompanied by a disclination for the case that involves a large twist of
the ¢ director as shown in figure 2. On the other hand, for an inclined state, a symmetric
dynamic behaviour was realized. Therefore from an application point of view for liquid
crystal display devices, it seems to be important to obtain an inclined state rather than a
chevron one.

At the end of this paper, we show hysteresis loops for the chevron and the inclined
layers in figures 5 and 6, respectively. As might be expected from figures 2 and 3, the
corresponding hysteresis loops are also found to be asymmetric and symmetric for the
chevron and the inclined layers, respectively.

As a future problem, it seems to be worthwhile to investigate anchoring effects in
dynamic responses under a pulsed external field in detail. Moreover, the previously
reported hydrodynamic theory for an incompressible S [ 17] remains to be extended in
the future to the case of the presently discussed compressible SE liquid crystal layers.
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